
State Estimation

1.1 Base Orientation

1.1.1 Modeling

System:

Ṙ = Rω̂m (1)

Measurement:

Ram = g (2)

1.1.2 Complementary Filter

Predict:

R−
k+1 = R+

k Exp
(
ωm

k ∆t
)

(3)

Update:

R+
k = Exp (αδϕknk)R

−
k (4)

g−
k = R−

k a
m
k (5)
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δϕk = arccos

(
g−
k

∥g−
k ∥

· z
)

(6)

nk =


1

sin δϕk

g−
k

∥g−
k ∥

× z if sin δϕk ̸= 0

arbitrary if sin δϕk = 0

(7)

Notes:

• Update only when IMU is static (e.g., ∥am∥ is close to ∥g∥ for some period), i.e., the

accelerometer measures gravity exclusively.

• To enhance smoothness, the parameter α can depend on the difference between ∥am∥

and ∥g∥.

• The unit vector z = [0, 0,±1]⊤ points along the gravity and its sign depends on the

accelerometer reading.

1.2 Base Position & Velocity

1.2.1 Modeling

System:

ṗ = v (8)

v̇ = a = R (am − b− na)− g, na ∼ N
(
0,Qa

)
(9)

ḃ = nb, nb ∼ N
(
0,Qb

)
(10)

ċi = nc, nc ∼ N
(
0,Qc

)
(11)

Measurement:

zp,i = R⊤(ci − p
)
+ np, np ∼ N

(
0,Qp

)
(12)
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zv,i = −ω̂R⊤(ci − p
)
−R⊤v + nv, nv ∼ N

(
0,Qv

)
(13)

1.2.2 Kalman Filter

Process Model:

pk+1

vk+1

bk+1

c1k+1

...

cnk+1


︸ ︷︷ ︸

xk+1

=



I ∆tI 0 0 · · · 0

0 I −∆tRk 0 · · · 0

0 0 I 0 · · · 0

0 0 0 I · · · 0

0 0 0
...

. . .
...

0 0 0 0 · · · I


︸ ︷︷ ︸

Φk



pk

vk

bk

c1k
...

cnk


︸ ︷︷ ︸

xk

+



0

∆tI

0

0

0

0


︸ ︷︷ ︸

Bk

(Rka
m
k − g)︸ ︷︷ ︸
uk

+ (14)



0 0 0 · · · 0

−Rk 0 0 · · · 0

0 I 0 · · · 0

0 0 I · · · 0

0 0
...

. . .
...

0 0 0 · · · I


︸ ︷︷ ︸

Γk



na
k

nb
k

nc
k

...

nc
k


︸ ︷︷ ︸

wk

(15)
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Measurement Model:

zp,1
k

...

zp,n
k

zv,1
k

...

zv,n
k


︸ ︷︷ ︸

zk

=



−R⊤
k 0 R⊤

k · · · 0

...
...

...
. . .

...

−R⊤
k 0 0 · · · R⊤

k

ω̂kR
⊤
k −R⊤

k −ω̂kR
⊤
k · · · 0

...
...

...
. . .

...

ω̂kR
⊤
k −R⊤

k 0 · · · −ω̂kR
⊤
k


︸ ︷︷ ︸

Hk



pk

vk

c1k
...

cnk


︸ ︷︷ ︸

xk

+



np
k

...

np
k

nv
k

...

nv
k


︸ ︷︷ ︸

νk

(16)

Prediction:

x−
k+1 = Φkx

+
k +Bkuk (17)

P−
k+1 = ΦkP

+
k Φ⊤

k + ΓkQkΓ
⊤
k (18)

Update:

x+
k = x−

k +Kk

(
zk −Hkx

−
k

)
(19)

Kk = P−
k H⊤

k

(
HkP

−
k H⊤

k + Vk

)−1
(20)

P+
k =

(
I−KkHk

)
P−

k

(
I−KkHk

)⊤
+KkVkK

⊤
k (21)

Notes:

• Update only when there is at least one foot contact.

• Update only with the measurements from the foot in contact, e.g., the measurement

model may contain information of only two contacts.

• When new foot contact occurs, reset the previous a posteriori state estimate and co-

variance matrix (e.g., the foot contact part) for better performance.
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